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Assignment 2: Differentiation Techniques
1. Find the derivative in each case. You need not simplify your answer. 
A. f (t) = (-3t2 + 1/∛4t) (t3 + 2∜t)
Solution
Can also be written as
 f (t) = (t^3 + 2 t^(1/4)) (1/(2^(2/3) t^(1/3)) - 3 t^2)
Hence
f(t) = -(t^(1/4) (t^(11/4) + 2) (6 t^2 t^(1/3) - 2^(1/3)))/(2 t^(1/3))
f(t) = -(t^(1/4) (t^(11/4) + 2) (3 2^(2/3) t^2 t^(1/3) - 1))/(2^(2/3) t^(1/3))
Assuming t is positive
[f[t] = (2 t^(1/4) + t^3) (-3 t^2 + 1/(2^(2/3) Surd[t, 3])), t > 0]
(2^(1/3) - 6 t^(7/3)) (t^(11/4) + 2) = 2 t^(1/12) f(t) 
Expanded form
Knowing: a ≥ 0, nth root of (ab) = nth root of (a) * nth root of (b)
∛4t = ∛4 * ∛4
Now
f (t) = (-3t2 + 1/ ∛4 * ∛4) (t3 + 2∜t)
Hence expanding we get 
f(t) = -6 t^(9/4) - 3 t^5 + t^3/(2^(2/3) t^(1/3)) + (2^(1/3) t^(1/4))/t^(1/3)
Alternate forms assuming t>0
f(t) = ((2^(1/3) - 6 t^(7/3)) (t^(11/4) + 2))/(2 t^(1/12))
f(t) = -6 t^(9/4) + t^(8/3)/2^(2/3) - 3 t^5 + 2^(1/3)/t^(1/12)
Properties as a real function:
Domain
{t element R : t>0} (All positive real numbers)
Range
R (all real numbers)
Bijectivity
Bijective from its domain to R
Hence
D[f[t] = (2 t^(1/4) + t^3) (-3 t^2 + 1/(2^(2/3) Surd[t, 3])), t]
=(-18 t^2 (9 + 10 t^(11/4)) + (2^(1/3) (-1 + 16 t^(11/4)))/Surd[t, 3])/(12 t^(3/4))
d/dt((t^3 + 2 t^(1/4)) (1/(2^(2/3) t^(1/3)) - 3 t^2)) = ((2^(1/3) (16 t^(11/4) - 1))/t^(1/3) - 18 t^2 (10 t^(11/4) + 9))/(12 t^(3/4))
Indefinite integral assuming all variables are real:
Integrate [(-3t2 + 1/∛4t) (t3 + 2∜t)), t, Assumptions -> Element[Alternatives[t], Reals]]
(-24 t^(13/4))/13 - t^6/2 + (3 t^(5/4) (8 + t^(11/4)))/(11 2^(2/3) Surd[t, 3])
Integral(-3t2 + 1/∛4t) (t3 + 2∜t))dt = -(24 t^(13/4))/13 - t^6/2 + (3 (t^(11/4) + 8) t^(5/4))/(11 2^(2/3) t^(1/3)) + constant
B. 𝑔(𝑡) = √𝑡+4/ ∛𝑡−5
Solution
g(t) = (√t)/( ∛𝑡-5) - 5) + 4/(∛𝑡-5)
={d/dt ​(√t​+4)( ∛𝑡-5) + ​(√t​+4) d/dt ( ∛𝑡+5)}/ ( ∛𝑡+5)2
d/dt((sqrt(t) + 4)/(t^(1/3) - 5)) = (sqrt(t) - 15 t^(1/6) - 8)/(6 (t^(1/3) - 5)^2 t^(2/3))
Having no roots
Hence
integral(sqrt(t) + 4)/(t^(1/3) - 5) dt = (6 t^(7/6))/7 + 6 t^(5/6) + 6 t^(2/3) + 50 sqrt(t) + 60 t^(1/3) + 750 t^(1/6) + 75 (4 + 5 sqrt(5)) log(sqrt(5) - t^(1/6)) + 75 (4 - 5 sqrt(5)) log(t^(1/6) + sqrt(5)) + constant
={1/2√t​​​(∛𝑡+5) − ((√t​+4) * 1/(3t2/3​)​}/ (∛𝑡+5)2
=1/ (2√t​​​(∛𝑡+5) ​- √t​+4/(3t2/3​(∛𝑡+5)2)


2. Find the derivative in each case. Simplify your answer.
a. 𝑓(𝑥) = (3𝑥2 − 1)4(5 − 2𝑥)6

Solutions
f(x) = (5 - 2 x)^6 (1 - 3 x^2)^4 or [f[x] = (5 - 2 x)^6 (-1 + 3 x^2)^4]
Having roots x = 5/2, x = -1/sqrt(3) and x = 1/sqrt(3)
=d/dx​((3x2−1)4 * (−2x+5)6)
=d/dx​((3x2−1)4)(−2x+5)6+(3x2−1)4d/dx​((−2x+5)6) or d/dx((5 - 2 x)^6 (3 x^2 - 1)^4) = -12 (5 - 2 x)^5 (3 x^2 - 1)^3 (7 x^2 - 10 x - 1)
=24(3x2−1)3x(−2x+5)6+(3x2−1)4(−12(−2x+5)5)
Hence
=12(3x2−1)3(−2x+5)5(−7x2+10x+1)
max{(3 x^2 - 1)^4 (5 - 2 x)^6} = (16 (61 - 60 sqrt(2))^4 (25 + 8 sqrt(2))^6)/678223072849 at x = 5/7 - (4 sqrt(2))/7
max{(3 x^2 - 1)^4 (5 - 2 x)^6} = (5 - 2/7 (5 + 4 sqrt(2)))^6 (3/49 (5 + 4 sqrt(2))^2 - 1)^4 at x = 5/7 + (4 sqrt(2))/7
min{(3 x^2 - 1)^4 (5 - 2 x)^6} = 0 at x = 5/2
min{(3 x^2 - 1)^4 (5 - 2 x)^6} = 0 at x = 1/sqrt(3)

b. 𝑓(𝑥) = ∛{(2𝑥−5)/ (3𝑥−2)}.
Solutions
d/dx​(​∛(2x−5)/​​∛(3x−2))
{d/dx​(​∛(2x−5)*∛(3x−2))​ − ​(​∛(2x−5) d/dx ​​∛(3x−2))}/ (∛(3x−2))2
{2/ (3(2x−5)2/​3 ​​∛(3x−2)​−( ​​∛(2x−5) * 1/(3x−2)2​/3​)}/ (∛(3x−2))2
=2/ (3(2x−5)2/​3 ∛(3x−2)​ − ​​∛(2x−5)/(3x−2)2/​3 (∛(3x−2))2
3. Find an equation of the tangent line to the graph of:
a. 𝑓(𝑥) = √(2𝑥3 + 7𝑥 at 𝑥 = 1.
Solution
Tangent points are (1, 3)
Computing the slope f(𝑥) = √(2𝑥3 + 7𝑥 : df(x)/dx = (6𝑥2+ 7)/(2√(2𝑥3 + 7𝑥)
Computing the slope f(𝑥) = √(2𝑥3 + 7𝑥 at x = 1 : m = 13/6
Hence finding the line with the slope m = 13/6 and passing through (1, 3): f(x) = (13/6)x + 5/6
f(x) ={13}/{6}x+{5}/{6}
b. 𝑔(𝑥) = (2𝑥+3/𝑥−1) 3 at 𝑥 = 2
Solution
Tangent points are (2, 343)
Computing the slope 𝑔(𝑥) = (2𝑥+3/𝑥−1) 3 : dg(x)/dx = 15(2𝑥+ 3)2 /((𝑥 - 1)4
Computing the slope 𝑔(𝑥) = (2𝑥+3/𝑥−1) 3 at x = 2 : m = -735
 Hence finding the line with the slope m = - 735 and passing through (2, 343):
 g(x) = -735 x + 1813
4. For the function 𝑓(𝑥) = (2/3)𝑥3 − 7𝑥2 + 24𝑥 + 11, (6 marks)
a. Give all the points where the tangent line is horizontal. Note a point is given by two co-ordinates (_ , _). Give exact values. (4 marks)
Solution
 Domain of (2/3) 𝑥3 − 7𝑥2 + 24𝑥 + 11: where - ∞ < x < ∞ hence interval notations will be (-∞, ∞)
Range of (2/3) 𝑥3 − 7𝑥2 + 24𝑥 + 11: where - ∞ < f (x) < ∞
Hence interval notations will be (-∞, ∞)
The axis interception points of (2/3) 𝑥3 − 7𝑥2 + 24𝑥 + 11: where x intercepts range from (-0.40791 to 0), Y intercepts: (0, 11)
Extreme points of (2/3) 𝑥3 − 7𝑥2 + 24𝑥 + 11: maximum (3, 38), minimum (4,113/3)

b. Give an equation of the tangent line at each of these points. Give exact values.

	


5. Find 𝑦 (4) (𝑥) for 𝑦 = 2/ 𝑥3 – 5/ √x
Solution
The derivative of a sum or difference is the sum or difference of derivatives:
d/dx ( − 5/ √x + 2/x3) = (−d/dx(5/ √x)+d/dx(2/x3))
Applyng the constant multiple rule
d/dx(cf(x))=c (d/dx)(f(x)) with c=5 and f(x)=1/√x:
−(d/dx(5/ √x))+d/dx(2/x3)=−(5 (d/dx)(1/√x))+d/dx(2/x3)
Applying the constant multiple rule
d/dx(cf(x))=c(d/dx)(f(x)) with c=2 and f(x)=1/x3:
−5 d/dx(1/√x)+(d/dx(2/x3))=−5 d/dx(1/√x)+(2 d/dx(1/x3))
Applying the power rule d/dx(xn)=nxn−1 with n=−3:
−5 d/dx(1/√x)+2(d/dx(1/x3))=−5 d/dx(1/√x)+2(−3/x4)
Applying the power rule d/dx(xn)=nxn−1 with n=−1/2:
−6/x4−5(d/dx(1/√x))=−6/x4−5(−1/2/x3/2)
Thus,
 d/dx(−5/ √x+2/x3)=−6/x4+5/2/x3/2
THEREFORE, 
d2/dx2(−5/√x+2/x3)=d/dx(−6/x4+5/2x3/2)
The derivative of a sum or difference is the sum or difference of derivatives:
(d/dx(−6/x4+5/2x3/2))=(−d/dx(6/x4)+d/dx(5/2x3/2))
Applying the constant multiple rule
 d/dx(cf(x))=c (d/dx)(f(x)) with c=5/2 and f(x)=1/x3/2:
−d/dx(6/x4)+(d/dx(5/2x3/2))=−d/dx(6/x4)+ (5 (d/dx(1/x3/2))/2 
Applying the power rule
 d/dx(xn)=nxn−1 with n=−3/2:
−d/dx(6/x4)+5(d/dx(1/x3/2))/2=−d/dx(6/x4)+5(−3/2x5/2)/2
Applying the constant multiple rule 
d/dx(cf(x))=c(d/dx)(f(x)) with c=6 and f(x)=1/x4:
−(d/dx(6/x4))−15/4x5/2=−(6(d/dx)(1/x4))−15/4x5/2
Applying the power rule 
d/dx(xn)=nxn−1 with n=−4:
−6(d/dx(1/x4))−15/4x5/2=−6(−4x5)−15/4x5/2
Thus, 
d/dx(−6/x4+5/2x3/2)=24/x5−15/4x5/2
THEREFORE, 
d3/dx3(−5/ √x+2/x3)=d/dx(24/x5−15/4x5/2)
The derivative of a sum or difference is the sum or difference of derivatives:
(d/dx(24/x5−15/4x5/2))=(−d/dx(15/4x5/2)+d/dx(24/x5))
Applying the constant multiple rule
 d/dx(cf(x))=c (d/dx)(f(x)) with c=15/4 and f(x)=1/x5/2:
−(d/dx(15/4x5/2))+d/dx(24/x5)=−(15d/dx(1/x5/2)/4 + d/dx(24/x5)
Applying the constant multiple rule
 d/dx(cf(x))=c (d/dx)(f(x)) with c=24 and f(x)=1/x5:
−15(d/dx)(1/x5/2)4+(d/dx(24/x5))=−15(d/dx)(1/x5/2)4+(24(d/dx)(1/x5))
Applying the power rule 
d/dx(xn)=nxn−1 with n=−5:
24(d/dx(1/x5))−15(d/dx)(1/x5/2)/4=24(−5/x6)−15d/dx(1/x5/2)4
Applying the power rule
 d/dx(xn)=n/xn−1 with n=−5/2:
−120/x6−15(d/dx(1/x5/2))/4=−120/x6−15(−5/2x7/2)/4
Thus, 
d/dx(24/x5−15/4x5/2)=−120/x6+75/8x7/2
THEREFORE, 
d4/dx4(−5/ √x+2/x3)=d/dx(−120/x6+75/8x7/2)
The derivative of a sum or difference is the sum or difference of derivatives:
(d/dx(−120/x6+75/8x7/2))=(−d/dx(120/x6)+d/dx(75/8x7/2))
Applying the constant multiple rule 
d/dx(cf(x))=c(d/dx)(f(x)) with c=120 and f(x)=1/x6:
−(d/dx(120/x6))+d/dx(75/8x7/2)=−(1209d/dx)(1x6))+d/dx(75/8x7/2) =−(120(d/dx)(1x6))+d/dx(75/8x7/2)
Applying the power rule 
d/dx(xn)=nxn−1 with n=−6:
−120(d/dx(1x6))+d/dx(75/8x7/2)=−120(−6x7)+d/dx(75/8x7/2)
Applying the constant multiple rule 
d/dx(cf(x))=c(d/dx)(f(x))=c(d/dx)(f(x)) with c=75/8 and f(x)=1/x7/2:
720x7+(d/dx(75/8x7/2))=720x7+(75(d/dx)(1/x7/2)/8
Applying the power rule
 d/dx(xn)=nxn−1 with n=−7/2:
720/x7+75(d/dx(1/x7/2))/8=720/x7+75(−7/2x9/2)/8
Thus, 
d/dx(−120/x6+75/8x7/2)=720x7−525/16x9/2
THEREFORE, 
Y4x = d4/dx4(−5/ √x+2/x3)=720x7−525/16x9/2
6. Suppose that the number of items sold after 𝑡𝑡 months is modelled by 𝑁𝑁(𝑡𝑡) = 500𝑡𝑡 (25𝑡𝑡 + 2)2
a. Find 𝑁’(6) and 𝑁’(12).
Solution
(d/dt(500t(2+25t)2))=(500(d/dt(t/(2+25t)2))
500(d/dt(t/(2+25t)2))=500(d/dt)(t)/(2+25t)2−t(d/dt((2+25t)2)/(2+25t)4)
500((2+25t)2(ddt(t))−t(d/dt)((2+25t)2))/(2+25t)4=500((2+25t)2(1)−t(d/dt)((2+25t)2))/(2+25t)4
500((2+25t)2−t(d/dt((2+25t)2)))/(2+25t)4=500((2+25t)2−t(d/du(u2)d/dt(2+25t)))/(2+25t)4
500((2+25t)2−t(d/dt)(2+25t)(d/du(u2)))/(2+25t)4=500((2+25t)2−t(d/dt)(2+25t)(2u))/(2+25t)4
500((2+25t)2−2t(d/dt)(2+25t)(u))/(2+25t)4=500((2+25t)2−2t(d/dt)(2+25t)(2+25t))/(2+25t)4
500((2+25t)2−2t(2+25t)(d/dt(2+25t)))/(2+25t)4=500((2+25t)2−2t(2+25t)(d/dt(2)+ddt(25t)))/(2+25t)4
500((2+25t)2−2t(2+25t)(d/dt(25t)+(ddt(2))))/(2+25t)4=500((2+25t)2−2t(2+25t)(d/dt(25t)+(0)))/(2+25t)4
500((2+25t)2−2t(2+25t)(ddt(25t)))/(2+25t)4=500((2+25t)2−2t(2+25t)(25(d/dt)(t)))/(2+25t)4
500((2+25t)2−50t(2+25t)(d/dt(t)))/(2+25t)4=500((2+25t)2−50t(2+25t)(1))/(2+25t)4
Simplifying 
500((2+25t)2−50t(2+25t))/(2+25t)4=500(2−25t)/(2+25t)3
Thus, 
d/dt(500t/(2+25t)2)= 500(2−25t)/(2+25t)3
Now having this 
𝑁’(6) = 500(2−25(6)/(2+25(6))3 = -0.0211
 𝑁’(12) = 500(2−25(12))/(2+25(12))3 = -0.00541

Find 𝑁𝑁"(6), 𝑁𝑁"(12).
Solution

d2/dt2(500t/(2+25t)2)=d/dt(500(2−25t)/(2+25t)3)
(d/dt(500(2−25t)(2+25t)3))=(500d/dt(2−25t(2+25t)3))
500(d/dt(2−25t(2+25t)3))=500(d/dt(2−25t)(2+25t)3−(2−25t)d/dt((2+25t)3)/(2+25t)6)
500(d/dt(2−25t)(2+25t)3−(2−25t)d/dt(2+25t)(d/du(u3)))(2+25t)6=500(ddt(2−25t)(2+25t)3−(2−25t)ddt(2+25t)(3u2))(2+25t)6
500(ddt(2−25t)(2+25t)3−3(u)2(2−25t)d/dt(2+25t))/(2+25t)6=500(d/dt(2−25t)(2+25t)3−3(2+25t)2(2−25t)d/dt(2+25t))/(2+25t)6
500((2+25t)3(d/dt(2−25t))−3(2+25t)2(2−25t)d/dt(2+25t))/(2+25t)6=500((2+25t)3(−d/dt(25t)+d/dt(2))−3(2+25t)2(2−25t)d/dt(2+25t))/(2+25t)6
500((2+25t)3(−d/dt(25t)+d/dt(2))−3(2+25t)2(2−25t)(d/dt(2+25t)))/(2+25t)6=500((2+25t)3(−d/dt(25t)+d/dt(2))−3(2+25t)2(2−25t)(d/dt(2)+d/dt(25t)))/(2+25t)6
500((2+25t)3(−d/dt(25t)+(d/dt(2)))−3(2+25t)2(2−25t)(d/dt(25t)+(d/dt(2))))/(2+25t)6=500((2+25t)3(−d/dt(25t)+(0))−3(2+25t)2(2−25t)(d/dt(25t)+(0)))/(2+25t)6
500(−(2+25t)3(d/dt(25t))−3(2+25t)2(2−25t)(d/dt(25t)))/(2+25t)6=500(−(2+25t)3(25d/dt(t))−3(2+25t)2(2−25t)(25ddt(t)))/(2+25t)6
500(−25(2+25t)3(d/dt(t))−75(2+25t)2(2−25t)(ddt(t)))/(2+25t)6=500(−25(2+25t)3(1)−75(2+25t)2(2−25t)(1))/(2+25t)6
Simplifying
500(−25(2+25t)3−75(2+25t)2(2−25t))(2+25t)6=25000(−4+25t)(2+25t)4
Thus, 
d/dt(500(2−25t)(2+25t)3)=25000(−4+25t)(2+25t)4
Therefore, 
d2/dt2(500t(2+25t)2)=25000(−4+25t)/(2+25t)4
Now having this 
𝑁”(6) = 25000(−4+25t)/(2+25t)4= -0.000684
 𝑁”(12) = 25000(−4+25t)/(2+25t)4= -0.000089

c. What do the answers in a. and b. tell you about 𝑁(𝑡)?
Solution

7. Let 𝑓(𝑥) = 𝑥+1/ 𝑥−1 and g(𝑥) = √𝑥. Let g(𝑥) = √𝑥 and let ℎ(𝑥) = 𝑓 o 𝑔.
a. Find h’(x)
Solution.
g(𝑥) = √𝑥 can also be  written as  g(x)=x1/2
ℎ(𝑥) = 𝑓 o 𝑔. 
We first evaluate
  F o g (x)=f(g(x))
=f(x1/2)
=(√x+1)/(√x-1)
ℎ(𝑥) = F o g (x)= (√x+1)/(√x-1)
Now solving for h’(x) 
{d/dx ​(√x+1)( √x-1)−( √x+1)dd/x​(√x-1)​}/ (√x-1)2
{(1/2√𝑥)(√x-1)-((√x+1)* (1/2√𝑥)}/ (√x-1)2
Simplifying we get
h’(x) = -(1)/ √𝑥 ​(√x-1)2

b. Find h’(4)
Solution
Having h’(x) = -(1)/ √𝑥 ​(√x-1)2
h’(4) = -(1)/ √4 ​(√4-1)2 = -0.5


8. A company determines the cost, in thousands of dollars for producing 𝑥𝑥 items is given by 𝐶(𝑥) = √500𝑥2 − 𝑥 + 75. Suppose that it plans to boost production in 𝑡 months from now according to the function 𝑥(𝑡) = 30𝑡 + 7. Use implicit differentiation to find how fast the cost will be rising 6 months from now.
Solution 
C(𝑥) = √(500𝑥2 − 𝑥 + 75)
d/dx[√(500x2−x+75]
1/2(500x2−x+75)1/2−1 * d/dx [500x2−x+75]
={500 * d/dx[x2]−d/dx[x]+d/dx[75]}/2√(500x2−x+75)
={500*2x−1+0}/2√(500x2−x+75)
Hence 
C’(x) = (1000x-1)/2√(500𝑥2 − 𝑥 + 75)
Next
t = 6
𝑥(𝑡) = 30𝑡 + 7 
X(6) = 30(6) + 7
X = 187/6
X = 31.17
Therefore:
 C’(x) = (1000(31.17)-1)/2√(500(31.17)2 – (31.17) + 75)
= 31169/1393.81
= 22.36 dollars
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